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In a recent study [Phys. Rev. E 94, 022103 (2016)] it has been shown that, for a fluid film subject
to critical adsorption, the resulting critical Casimir force (CCF) may significantly depend on the
thermodynamic ensemble. Here, we extend that study by considering fluid films within the so-called
ordinary surface universality class. We focus on mean-field theory, within which the order parameter
(OP) profile satisfies Dirichlet boundary conditions and produces a nontrivial CCF in the presence
of external bulk fields or, respectively, a nonzero total order parameter within the film. Additionally,
we study the influence of fluctuations by means of Monte Carlo simulations of the three-dimensional
Ising model. We show that, in the canonical ensemble, i.e., when fixing the so-called total mass
within the film, the CCF is repulsive for large absolute values of the total OP, instead of attractive
as in the grand canonical ensemble. Based on the Landau-Ginzburg free energy, we furthermore
obtain analytic expressions for the order parameter profiles and analyze the relation between the
total mass in the film and the external bulk field.
I. INTRODUCTION
Confining a critical fluid by parallel walls gives rise to
a critical Casimir force (CCF) acting on the bounding
surfaces [1, 2]. Here we consider fluids belonging to
the Ising bulk universality class (UC), which, accord-
ingly, are described by a one-component order param-
eter (OP) field φ. The bulk UC splits up into several
surface UCs, describing further universal properties in-
duced by the surfaces [3–5]. In a classical fluid, the
constituent molecules are generically attracted towards
an immersed solid surface. This attraction can be ei-
ther strong or weak compared with the liquid-liquid in-
teraction. Accordingly, for a one-component fluid the
surfaces have a preference either for its liquid phase (in
the case of a strong substrate) or the vapor phase (in
the case of a weak substrate), whereas for a binary liq-
uid mixture the walls attract that phase which is rich
in the species preferred by the surfaces. Near the criti-
cal point, this attraction gives rise to the phenomenon
of critical adsorption, which, in the limit of infinitely
strong adsorption (surface field h1 → ∞), is described
by the so-called normal surface UC [6–8]. Fluids show
also an enhanced molecular order near a solid surface
[3, 8], which is modeled field-theoretically by a so-called
surface enhancement parameter c. The limit c→∞ (for
finite adsorption strength h1) defines the so-called or-
dinary surface UC, in which the OP effectively satisfies
Dirichlet boundary conditions.
While critical fluids are typically strongly adsorbed at
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container walls [9], by suitable preparation of the sur-
faces it is nevertheless possible to approach the limit of
weak adsorption, corresponding to the ordinary surface
UC. In Ref. [10], this has been achieved by chemical
treatment of the surface, while in Refs. [11–14] surface
patterning has been used.
The CCF stems from residual finite-size contributions
of the free energy of the film. Remarkably, as has been
shown in Refs. [15, 16], the amplitude and the scaling
function of the CCF depend not only on the bulk and
the surface UC, but also on the thermodynamic ensem-
ble under consideration. In fact, CCFs are typically
studied for fluid films which can exchange particles with
their environment—a situation which realizes the grand
canonical ensemble. However, global OP conservation,
which is applicable for the canonical ensemble, can in-
duce drastic changes of the CCF [15, 16]. Hitherto,
only a few studies have focused on the effect of a global
OP constraint on the critical behavior [17–21]. In the
present study, building on Ref. [15] (where critical ad-
sorption has been investigated), we consider Ising-type
fluid films within the ordinary surface UC, subject to
a global OP constraint. We focus on mean-field theory,
within which the effects of fluctuations are neglected and
the CCF is a consequence of the presence of a spatially
varying OP profile across the film.
In the grand canonical ensemble, a nonzero external
bulk field µ acting in the film does induce a nontriv-
ial OP profile. In the canonical ensemble, instead, a
nonzero value Φ of the total integrated OP, henceforth
called the mass, is imposed:
Φ ≡ A
∫ L
0
dz φ(z). (1)
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2Here A denotes the transverse area of the film, L its
thickness, and z the associated transverse coordinate.
We generally assume the film to be homogeneous in the
remaining, lateral directions. Henceforth we consider all
extensive quantities, such as Φ, as quantities per trans-
verse area A, i.e.,
∫ L
0 dz φ(z). We find that the OP
constraint in Eq. (1) can change, inter alia, the charac-
ter of the CCF from attractive in the grand canonical
case to repulsive in the canonical case.
In passing, we recall that, for a critical fluid film within
the ordinary surface UC, the critical temperature Tc
is shifted from its bulk value T bc to T fc < T bc . For
Dirichlet boundary conditions and vanishing external
fields µ = 0, the OP profile vanishes above the film
critical point, i.e., for temperatures T > T fc. CCFs for
Ising-type systems in the ordinary surface UC (including
crossover effects to the normal surface UC) have been
previously studied within the grand canonical ensemble
in Refs. [22–30].
In Sec. II, we define the general scaling variables re-
quired for the description of the universal critical prop-
erties and outline the scaling relations expected for the
OP profile. We furthermore introduce the Landau-
Ginzburg model which is analyzed in the remaining part
of this study. The OP profile resulting from the Landau-
Ginzburg model within mean-field theory is determined
perturbatively in Sec. III and fully via numerical stud-
ies in Sec. IV. The associated relation between the to-
tal mass and the external bulk field is analyzed sepa-
rately in Sec. V. In Sec. VI, the CCF is studied analyti-
cally within linearized MFT and numerically within full
MFT, focusing on ensemble differences. In Sec. VII the
predictions of MFT are compared to Monte Carlo (MC)
simulations of the three-dimensional Ising model.
II. PRELIMINARIES
A. Scaling behavior
Here, we summarize the general scaling behavior ex-
pected for the OP profile and the CCF in a d-
dimensional film of thickness L. In the following we
focus on the so-called ordinary fixed point, at which
c = ∞ and, accordingly, the dependence of the scal-
ing functions on c drops out. The following finite-size
scaling relations apply to isotropic systems with short-
ranged interactions below the upper critical dimension
d = 4 of the Ising universality class [31, 32]. The uni-
versal properties of a critical film are expected to be
controlled by the following set of scaling variables:
ζ ≡ z/L, (2a)
x ≡
(
L
ξ
(0)
+
)1/ν
t, (2b)
B ≡
(
L
ξ
(0)
µ
)∆/ν
µ, (2c)
M≡
(
L
ξ
(0)
+
)β/ν
ϕ
φ
(0)
t
, (2d)
where
ϕ ≡ Φ
L
(3)
is the mean mass density of the film, β, ν, and ∆ are
standard bulk critical exponents, and
t = T − T
b
c
T bc
(4)
is the reduced temperature relative to the bulk critical
temperature T bc . In the case of a one-component fluid
the external bulk field µ describes the deviation of the
chemical potential from its critical value in the bulk,
while for a binary liquid mixture, µ represents the de-
viation of the difference in the chemical potentials of
the two species A and B from its bulk critical value:
µ ≡ (µA − µB)− (µA,c − µB,c). The quantities ξ(0)+ and
ξ
(0)
µ (as well as ξ(0)− , which we include here for complete-
ness) denote non-universal amplitudes defined in terms
of the (bulk) correlation length ξt at zero bulk field and
ξµ at zero reduced temperature:
ξt = ξ(0)± |t|−ν , for µ = 0 and t→ 0±, (5a)
ξµ = ξ(0)µ |µ|−ν/∆, for t = 0 and µ→ 0. (5b)
The value of ξ(0)± is different for t ≶ 0, but the ampli-
tude ratio Uξ ≡ ξ(0)+ /ξ(0)− forms the universal number
Uξ ' 1.9 in d = 3 and Uξ =
√
2 in d = 4 spatial dimen-
sions [33]. Except for Sec. IV, we focus on the super-
critical regime and therefore in the scaling relations we
use solely ξ(0)+ . The non-universal amplitude φ
(0)
t is de-
fined in terms of the bulk OP φb, which, near criticality,
behaves as
φb,t = θ(−t)φ(0)t |t|β , for µ = 0 and t→ 0, (6a)
φb,µ = sgn(µ)φ(0)µ |µ|1/δ, for t = 0 and µ→ 0, (6b)
in the case of a vanishing external field µ and a vanishing reduced temperature t, respectively.
3The OP profiles in the grand canonical and the canonical ensemble fulfill the following scaling relations [2, 3, 5, 32,
34]:
φ(gc)(z, t, µ, L) = φ(0)t
(
L
ξ
(0)
+
)−β/ν
m(gc)
 z
L
,
(
L
ξ
(0)
+
)1/ν
t,
(
L
ξ
(0)
µ
)∆/ν
µ
 , (7a)
φ(c)(z, t, ϕ, L) = φ(0)t
(
L
ξ
(0)
+
)−β/ν
m(c)
 z
L
,
(
L
ξ
(0)
+
)1/ν
t,
(
L
ξ
(0)
+
)β/ν
ϕ
φ
(0)
t
 , (7b)
where m(c,gc) are the corresponding universal scaling
functions. In order to simplify the notation, we hence-
forth drop the superscripts (c) and (gc) on φ and m.
The scaling variable M in Eq. (2d) is related to the
scaling function m via
M =
∫ 1
0
dζ m(ζ). (8)
The general scaling behavior of the CCF is discussed
in Sec. VI. We remark that the scaling relations stated
above apply for simple fluids with isotropic short-ranged
interactions, so that two-scale factor universality holds.
For a discussion of the influence of anisotropy as well
as of long-ranged (van der Waals) interactions on the
critical behavior we refer to Refs. [35–41].
B. Model and boundary conditions
We aim at determining the order parameter profile be-
tween two parallel plates, located at z = 0, L and sub-
ject to the constraint of a specified total mass Φ [see
Eq. (1) and recall that here and in the following Φ is
considered per area A]. The canonical Landau-Ginzburg
(LG) free energy functional for f ilms, in units of kBT
per transverse area A of the plates, is given by
F (c)f [φ] ≡
∫ L
0
dz
[
1
2(∂zφ)
2 + 12τφ
2 + 14!gφ
4
]
+
[
c1φ
2(z = 0) + c2φ2(z = L)
]
. (9)
The integral represents the bulk contribution, whereas
the terms ∝ c1, c2 are surface enhancements giving rise
to Robin-type boundary conditions [3] on φ — see
Eq. (12) below. Within MFT, the coupling constants τ
and g are given by τ = (ξ(0)+ )−2t and g = 6(ξ
(0)
+ φ
(0)
t )−2,
where t is the reduced temperature [Eq. (4)] and the
amplitudes ξ(0)+ and φ
(0)
t are defined in Eqs. (5a) and
(6a). Within MFT, one has ξ(0)− /ξ
(0)
+ = 1/
√
2. Equilib-
rium states minimize Eq. (9), subject to the constraint
in Eq. (1). In the grand canonical ensemble the LG
functional for f ilms (per kBT and area A) reads
F (gc)f ([φ];µ) ≡
∫ L
0
dz
[
1
2(∂zφ)
2 + 12τφ
2 + 14!gφ
4 − µφ
]
+
[
c1φ
2(z = 0) + c2φ2(z = L)
]
, (10)
which is to be minimized with respect to φ, taking for the external bulk field (i.e., the chemical potential) µ a value
such that Eq. (1) is obeyed. Minimization of the grand canonical energy functional leads to the Euler-Lagrange
equation (ELE)
∂2zφ− τφ−
g
6φ
3 + µ = 0, (11)
subject to the boundary conditions
∂zφ
∣∣
z=0 = c1φ(z = 0), ∂zφ
∣∣
z=L = −c2φ(z = L), (12)
induced by the surface enhancement terms. In what follows, we shall study the limits c1, c2 →∞, for which Dirichlet
boundary conditions φ(z = 0) = 0 = φ(z = L) emerge.
Within MFT, the finite-size scaling variables defined in Eq. (2) turn into
x = L2τ, B =
√
g
6L
3µ, m(ζ) =
√
g
6Lφ(ζL), ϕ = Φ/L, and M =
√
g
6Lϕ, (13)
4in terms of which F (gc)f in Eq. (10) can be expressed as
F (gc)f ([m];B) =
∆0
L3
{∫ 1
0
dζ
[
1
2(m
′)2 + 12xm
2 + 14m
4 −Bm
]
+
[
c1m
2(0) + c2m2(1)
]}
. (14)
The non-universal amplitude ∆0 is given by
∆0 ≡
(
ξ
(0)
+ φ
(0)
t
)2
= 6
g
(15)
in terms of the amplitudes of the correlation length and
the bulk OP [see Eqs. (6a) and (5a)]. We note that
∆0 has the same dimension as L4−d, while the film free
energies in Eqs. (9) and (10), being defined per area A,
have the dimension of 1/Ld−1. The dimensionless form
of the ELE, following from Eqs. (11) and (12), reads
m′′(ζ)− xm(ζ)−m3(ζ) +B = 0, (16)
with the corresponding Dirichlet boundary conditions
(obtained in the limits c1, c2 →∞)
m(0) = m(1) = 0. (17)
Equations (16) and (17) are independent of the plate
separation L and the coupling constant g, because these
variables can be scaled out such that they appear as
prefactors in Eq. (14). In general, the dimensionless
counterpart of g is fixed under renormalization-group
flow, which requires to include fluctuations into the the-
ory. Within MFT, g and ∆0 can be related to experi-
mentally accessible critical amplitudes via Eq. (15).
III. PERTURBATIVE MEAN FIELD ANALYSIS
In order to make analytical progress, we address the
nonlinear term of the ELE in Eq. (16) perturbatively
by introducing a parameter  (eventually to be set to
unity):
m′′(ζ)− xm(ζ)− m3(ζ) +B = 0. (18)
This equation must be solved subject to the Dirichlet
boundary conditions in Eq. (17) and under the con-
straint [Eq. (8)] ∫ 1
0
dζ m(ζ) =M. (19)
In a first step, we solve Eq. (18) without this constraint
by carrying out perturbation theory in terms of powers
of , with the series expansions
m =
∑
i>0
imi = m0 + m1 + 2m2 + . . . ,
B =
∑
i>0
iBi = B0 + B1 + 2B2 + . . . . (20)
FIG. 1. The total mass as a function of the bulk field B at
the bulk critical temperature (x = 0), determined from the
(non-perturbative) numerical solution of the unconstrained
ELE in Eq. (18).
The boundary conditions from Eq. (17) hold for each
term i. Concerning the expansion of the mass constraint
in Eq. (19), we choose
M0 =M, Mi≥1 = 0, (21)
whereMi =
∫ 1
0 dζ mi(ζ).
As a side remark, one infers from the structure of
the ELE that, if m(ζ) is a solution of Eq. (18) with
parameters x and B, then −m(ζ) will be a solution
for the parameters x and −B. Thus, the total mass
M(x,B) is an odd function of the bulk field B, i.e.,
M(x,B) = −M(x,−B). This feature is illustrated in
Fig. 1 for the full, numerical (non-perturbative) solution
of Eq. (18), which must hold also at each perturbative
order.
A. Solution at O(0)
At this order, Eq. (18) yields
m′′0 = xm0 −B0, (22)
with the solution
m0(ζ) =
B0
x
[
1− sech
(√
x
2
)
cosh
(
(ζ − 1/2)√x)] .
(23)
5In contrast to the case of critical adsorption considered
in Ref. [15], the lowest order MFT solution for Dirich-
let boundary conditions is well-behaved near the bulk
critical point. This is revealed by a series expansion
for small x, yielding m0(ζ) ' 18 [B0 − 4B0(ζ − 1/2)2].
By using Eq. (13), Eq. (23) can be written in terms of
dimensional variables:
φ0(z) =
µ
τ
[
1− sech
(
L
√
τ
2
)
cosh
(√
τ(z − L2 )
)]
,
(24)
which will be useful for the analysis presented in
Sec. VIA.
Implementing now the constraint in Eq. (21) selects and
fixes, at this order, the value B0 = B˜0:
B˜0 =
Mx3/2
√
x− 2 tanh
(√
x
2
) → {12M, x→ 0 ,Mx, x→∞ , (25)
where the last expression exhibits the asymptotic scaling
behavior close to the bulk critical point and for thick
films, respectively. Inserting Eq. (25) into Eq. (23) gives
the contribution to the constrained order parameter at
this order:
m˜0(ζ) =
M√x
[
1− sech
(√
x
2
)
cosh ((ζ − 1/2)√x)
]
√
x− 2 tanh
(√
x
2
) .
(26)
The asymptotic scaling of this expression,
m˜0(ζ)→
{
3M( 12 − 2(ζ − 12 )2), x→ 0,
M, x→∞, (27)
shows that at bulk criticality the lowest order MFT
contribution for Dirichlet boundary conditions is a
parabolic profile. In turn, away from criticality, the
(spatially constant) solution must vanish due to the
boundary conditions, which shows that M → 0 if
x → ∞. Consequently, B˜0 in Eq. (25) must also van-
ish away from criticality. Finally, expressing Eq. (26) in
terms of dimensional variables, one finds the constrained
profile
φ˜0(z) = ϕ
1− sech
(
L
√
τ
2
)
cosh (
√
τ(z − L/2))
1− 2 tanh
(
L
√
τ
2
)
L
√
τ
, (28)
which indeed satisfies the relation
∫ L
0 dz φ˜0(z) = ϕL =
Φ.
B. Solution at O(1)
To linear order in , Eq. (18) gives
m′′1 = xm1 +m30 −B1. (29)
The solution of this differential equation vanishes in
the limit B → 0. (The full expression is cumbersome
and is not shown here.) Implementing the constraint of
Eq. (21), one finds the following corresponding specific
expression B1 = B˜1:
B˜1 =
B˜30sech4
(√
x
2
)
48x3
(√
x− 2 tanh
(√
x
2
))
×
[
108
√
x− 160 sinh (√x)− 25 sinh (2√x)
+ 96
√
x cosh
(√
x
)
+ 6
√
x cosh
(
2
√
x
) ]
, (30)
which exhibits the asymptotic scaling behavior
B˜1 →
{
72
35M3, x→ 0,
M3, x→∞. (31)
From this the constrained profile for very small and very
large x can be calculated:
m˜1(ζ)→

− 9M38960
[
3840(ζ−1/2)8
−5376(ζ−1/2)6+3360(ζ−1/2)4
−656(ζ−1/2)2+23
]
, x→ 0,
0, x→∞.
(32)
At bulk criticality, a polynomial solution obeying the
boundary conditions in Eq. (17) is obtained. As it was
the case for the contribution O(0), the constrained pro-
file vanishes away from criticality.
The perturbative solution of the ELE to O(2) is re-
ported in Appendix A.
IV. COMPARISON OF PERTURBATIVE MFT
SOLUTIONS WITH EXACT AND NUMERICAL
RESULTS
In this section we compare the leading perturbative so-
lution at order O(0) with numerical solutions of the
full, nonlinear ELE (18). In the case of zero external
field, the full solution m(ζ) can be computed analyti-
cally (see Sec. IVA below). In Sec. IVB we consider
the unconstrained solution m(ζ) for a given pair of pa-
rameters (x,B), and compare it with m0(ζ) given by
Eq. (23). Therefore, in Sec. IVC we impose the con-
straint on the total mass and regard the corresponding
solution m˜(ζ) as a function of the independent parame-
ters (x,M). The latter is compared with m˜0(ζ) as given
by Eq. (26).
6FIG. 2. OP profiles m(ζ, x) across the film in the grand
canonical ensemble obtained for zero scaled bulk field, B =
0. The exact result from Eq. (36) (colored lines) is compared
with the numerical solutions (black dashed lines) of the non-
linear MFT for several values of x below the film critical
point, i.e., in the range x < xfc [see Eq. (34)].
A. Exact analysis for B = 0 and location of the
film critical point
For B = 0 an exact expression for the order parameter
profile can be obtained in closed form in terms of elliptic
functions [42]. According to Eq. (16), the associated
ELE is
m′′(ζ)− xm(ζ)−m3(ζ) = 0, (33)
subject to the boundary conditions m(0) = m(1) = 0.
Beside the trivial solution m(ζ) = 0, there is a non-
vanishing solution for x 6 xfc, where
xfc = −pi2 ' −9.87 (34)
denotes the scaled reduced temperature (relative to the
bulk critical point) of the film critical point. MC simu-
lations of the Ising model [43] yield a value xfc ' −7.6
for the film critical point, while field theoretic renormal-
ization group studies [44] predict xfc ' −6.44. Here and
in the following, when considering the regime t < 0, i.e.,
x < 0, we define x as
x =
(
L
ξ
(0)
−
)1/ν
T − T bc
T bc
. (35)
One finds that
mexact(ζ) = 2
√
2kK(k2) sn
(
2K(k2)ζ; k2
)
, (36)
where
K(k2) =
∫ 1
0
du√
(1− u2)(1− k2u2) (37)
is the complete elliptic integral of the first kind, k is
the elliptic modulus, determined implicitly by x through
0.0 0.2 0.4 0.6 0.8 1.00.0
0.51.0
1.5
FIG. 3. The numerical solution m(ζ) (full curves) of the
nonlinear MFT in the grand canonical ensemble is compared
with m0(ζ) (Eq. (23); dashed curves) for x = 0 and B ∈
{2, 4, 6, 8, 10, 12}. The discrepancy between the numerical
and the truncated perturbative results grows as B increases,
and its maximum occurs at the midpoint ζ = 1/2 of the film.
x = −4K2(k2)(1 + k2), and sn is Jacobi’s elliptic sine
(see Refs. [45, 46] for more details). As shown in Fig. 2,
the numerical solution of Eq. (33) perfectly matches the
exact solution given in Eq. (36).
B. Unconstrained profiles
1. Profiles for x = 0
In Fig. 3, a comparison is shown of the unconstrained
profiles obtained numerically with the perturbative ap-
proach at leading order. The perturbative solution
m0(ζ) [Eq. (23)] deviates significantly from the numer-
ical solution for large values of the bulk field B, with
the largest deviations being localized in the middle of
the film (i.e., ζ = 1/2). Close to the film boundaries at
ζ = 0, 1, the inaccuracy of the perturbative solution is
mitigated by the fact that the Dirichlet boundary con-
ditions are satisfied for all values of B.
2. Profiles for x 6= 0
The approach outlined above can be followed also for
x 6= 0, and in principle the entire phase diagram can be
explored. However, the same qualitative behavior en-
countered for x = 0 occurs also for x 6= 0. In general,
the strongest inaccuracy is observed for x < 0 (as the
phase-separating regime is approached) and for large
values of B (where nonlinear effects become more dom-
inant due to the term ∝ m3 in the ELE).
70.0 0.2 0.4 0.6 0.8 1.00
12
3 (a)
(b)
FIG. 4. The numerical solution m˜(ζ) (continuous curves) of
the nonlinear MFT in the canonical ensemble is compared
with m˜0(ζ) (Eq. (26), dashed curves) for x = 0 (a) and
x = xfc [see Eq. (34)] (b), for various values of the imposed
massM.
C. Constrained profiles at x = 0 and x = xfc
Here we consider the constrained profiles obtained
by numerically solving the ELE [Eq. (16)] and com-
pare them with the first-order perturbative solution
[Eq. (26)]. In Fig. 4, the two cases x = 0 and x =
xfc = −pi2 [Eq. (34)] are examined, where the latter cor-
responds to the film critical point. It is interesting to
note that for x = xfc the perturbative profile is not sin-
gular, but reduces to a particularly compact form:
lim
x→xfc
m˜0(ζ) =
piM
2 sin (piζ) . (38)
V. PHASE DIAGRAMS, EQUATION OF
STATE, AND SCALING
Here we explore the magnetization phase diagram, the
equation of stateM(x,B), and, in particular, we com-
pare the film behavior with the one corresponding to the
FIG. 5. Phase diagram and equation of state of a film with
Dirichlet boundary conditions obtained numerically within
nonlinear MFT. The color code indicates the value of the
mass as a function of the scaled bulk field B and the scaled
reduced temperature x. Solid lines are iso-M lines for the
film, while overlayed dashed lines correspond to the bulk
system. The cross (×) indicates the film critical point (x =
xfc = −pi2, Eq. (34)), and the dot (•) the bulk critical point
(x = 0).
bulk. Exact numerical results are discussed in Sec. VA,
while the validity of the perturbative MFT results is
studied in Sec. VB. In Sec. VC we show that the near-
critical behavior of the mass can be captured by simple
scaling arguments. This scaling behavior can even be
applied to the order parameter profiles themselves, as
will be discussed in Sec. VD.
A. Exact numerical results for the mass
While the nonlinear ELE in Eq. (18), subject to Dirich-
let boundary conditions, can be solved by standard nu-
merical methods for x > xfc (i.e., above phase sep-
aration in the film) and for sufficiently small B (for
which nonlinear effects are not too strong), these meth-
ods typically become inaccurate outside these regimes,
where gradients of the profile can be large. This is-
sue can be addressed by solving the ELE via the so-
called symplectic integration method [15, 47, 48], which,
by construction, yields a spatially constant pressure in
equilibrium. Essentially the ELE in Eq. (16) is equiv-
alent to the Hamiltonian “equations of motion”, and
the algorithm conserves the Hamiltonian density H =
(m′)2/2− xm2/2−m4/4 + Bm, which, in turn, allows
one to directly extract the film pressure pf = (∆0/L4)H
(see, c.f., Eq. (63)). This method has the advantage that
it avoids the (inaccurate) numerical computation of m′.
The order parameter profile obtained this way for a pair
(x,B) of scaling variables can be integrated numerically
8FIG. 6. MassM at the bulk critical point x = 0 as a func-
tion of the scaled bulk field B. The solid blue straight line
represents the lowest order MFT result [Eq. (25)], while the
black dots provide the numerical solution of the nonlinear
MFT.
in order to determine the corresponding mass. The re-
sults of this procedure are shown in Fig. 5. The shift of
the critical point in the film is clearly visible, as is the
symmetryM(x,−B) = −M(x,B). The super-imposed
bulk diagram was obtained by solving Eq. (18), without
the gradient term, for m = const.
B. Comparing exact and perturbative results for
the mass
1. Mass as function of an external field at x = 0
The lowest order perturbative MFT solution for the
mass [Eq. (25)] is linear in B at bulk Tc, i.e., x = 0.
In Fig. 6 we compare this result (solid line) with the
exact mass computed from the numerical solution of
the nonlinear MFT (dots). The lowest order MFT re-
sult starts to deviate significantly from the exact result
at B & 10, whereas the numerical solution gradually
approaches the bulk critical behavior M ∝ B1/δ with
δ = 3 within MFT.
2. Mass as function of x with B = 0
In the absence of the external magnetic field one can use
the exact solution (Eq. (36)) for the study of the mass:
M(x,B = 0) =
∫ 1
0
dζ mexact(ζ, x) . (39)
The elliptic modulus k = k(x) entering into the ex-
act solution is the positive root of the implicit equa-
tion −x = 4K2(k2)(1 + k2), with x defined in Eq. (35).
The integration in Eq. (39) can be carried out in closed
form by using elementary properties of elliptic functions
[45, 46]:
M(x, 0) = 2
√
2 tanh−1 (k(x)) . (40)
From this result one can easily extract the asymptotic
behavior of the mass. In particular, we proceed to an-
alyze Eq. (40) for (i) x close to film criticality T fc, i.e.,
for x . xfc = −pi2, and for (ii) extreme subcritical tem-
peratures x −1.
(i) x . xfc: It is convenient to parametrize the deviation
from the critical point as
x = −pi2(1 + tf) , (41)
where tf = (T fc − T )/(T bc − T fc) is the film-analogue
of the bulk reduced temperature t as introduced in
Eq. (4). We note that for T = T fc from Eq. (35) we
have x = xfc = (L/ξ
(0)
− )1/ν(T fc − T bc )/T bc , while instead
at T = T bc we recover x = 0, as expected. It follows
furthermore that T fc(L→∞)/T bc = 1−pi2(L/ξ(0)− )−1/ν .
We focus on the regime tf → 0+. Since in this limit
x→ −(pi2)− (see Eq. (41)), the implicit equation −x =
4K2(k2)(1+k2) can be substituted by its Taylor expan-
sion around the desired value of k = 0. The correspond-
ing small-modulus expansion of the complete elliptic in-
tegral K(k2) is K(k2) = pi2
(
1 + k24 +
9
64k
4 +O(k6)
)
,
which implies the following expression for tf:
tf = 32k
2 + 2732k
4 + 3964k
6 +O(k8). (42)
The solution (tf, k) = (0, 0), corresponding to (x, k) =
(−pi2, 0), is trivially reproduced. For tf → 0+, Eq. (42)
gives, to leading order, k =
√
2
3 t
f, which is valid for
x approaching −pi2 from below. Higher order correc-
tions can be obtained by iterating this procedure. In-
serting this result into Eq. (39) and using the fact that
tanh−1(k → 0) = k + O(k3), one obtains the following
scaling behavior:
M(x, 0) ' 4√
3
(tf)β , tf → 0+ or x→ (−pi2)− , (43)
with the exponent β = 12 . Equation (43) is valid in the
asymptotic regime tf → 0+ where successive corrections
∼ (tf)βˆ , characterized by an exponent βˆ > β, vanish
faster than (tf)β .
(ii) x −1: Since −x  1, the roots of x(k) accu-
mulate towards k = 1−. Writing k = 1 −  for
certain  → 0+, one has tanh−1(1 − ) = 12 ln 2 +
1
2pn() + O(n+1), where pn() is a polynomial in  of
degree n. Hence for large | − x| the mass is approxi-
mately given by M(x, 0) ' √2 ln 2 +
√
2p(). In or-
der to identify the small parameter  in terms of x,
9FIG. 7. MassM in a film with Dirichlet boundary conditions
for B = 0 as a function of x, as given by the exact MFT
expression in Eq. (40) (red solid curve). The asymptotic
behavior described in Eq. (43) (dashed curve) and in Eq. (44)
(dotted curve) agree with the exact expression for x = xfc ≈
−9.87 and for large values of −x, respectively.
we note that if the elliptic modulus approaches unity,
K(k2) = − 12 ln
(
1−k2
16
) [
1 + O(1 − k)], so that the im-
plicit equation for k(x) exhibits the asymptotic behavior
k(x) ' 1 − 8 e−
√
−x/2 = 1 − . Accordingly, the mass
is M(x, 0) = √−x − 2√2 ln 2 +√2p(), where the last
term is negligible because  → 0 and p(0) = 0. This
renders the asymptotic result
M(x, 0) ' √−x− 2
√
2 ln 2, x→ −∞. (44)
To summarize, we have derived the analytical expres-
sion of the mass M in the absence of an external
field, and its asymptotic behavior close to film criti-
cality (x . xfc = −pi2) and far from criticality in the
two-phase region (x  −1). As shown in Fig. 7, the
approximate expressions agree well with the analytical
result in Eq. (40).
C. Widom scaling for the mass
It is well known [42, 49] and explicitly demonstrated in
Sec. IVA, that in the film geometry the presence of two
confining walls induces a shift of the bulk critical point
from xbc = 0 to xfc = −pi2. In the present section we
discuss in detail the mean-field critical behavior around
xfc, resulting from Eq. (18).
It is useful to recall the essential ideas of the static
scaling hypothesis, as originally formulated by Widom
[50, 51]. The film critical point is located at (tf, B) =
(0, 0), where tf [see Eq. (41)] is the reduced tempera-
ture of the film relative to T fc. Instead of considering
the order parameter profile inside the film, here we are
interested in the mass M(tf, B) = M(x(tf), B). In the
critical region of the film, for a vanishing bulk field B
one expects the scaling behavior
M(tf, B = 0) =
{
0, tf < 0
±Ctf |tf|β , tf > 0 .
(45)
We note that, according to Eq. (41), tf < 0 [tf > 0]
corresponds to x > xfc [x < xfc]. The critical isotherm
follows as
M(tf = 0, B) = CB sign(B) |B|1/δ. (46)
The above relations can be considered as a definition of
the critical exponents β and δ and of the non-universal
amplitudes Ct and CB . According to the scaling hypoth-
esis, in the near-critical region around T fc the equation
of state fulfills a homogeneity relation of the form
M(tf, B) =
{
(−tf)βU−
(
B/(−tf)∆) , tf < 0,
(tf)βU+
(
B/(tf)∆
)
, tf > 0,
(47)
where U± are a pair of universal scaling functions and
∆ = βδ is called the gap exponent [51, 52]. Various
sections of the phase diagram in the scaling region lead
to curves of the type shown in Fig. 8(a). A suitable
rescaling of the thermodynamic variables t and B as
prescribed by Eqs. (45) and (46) results in a data col-
lapse onto two single master curves corresponding to
the scaling functions U± (see Fig. 8(b)). In the previ-
ous subsection we have established Eq. (45) in the form
of Eq. (43), leading to β = 12 and to the non-universal
amplitude Ctf = 4√3 . On the other hand, the results of
the complete numerical analysis, shown in Fig. 8, con-
firm Eq. (46); in fact the critical isotherm in the scaling
region near xfc can be approximated well by Eq. (46)
with the critical exponent δ = 3 and the non-universal
amplitude CB ' 0.76. We thus recover ∆ = 32 for the
gap exponent and obtain an excellent data collapse.
To summarize, our analytical and numerical analysis
recovers the expected mean field critical exponents for
the film critical point. We remark that the maximum
value of the critical profile (in the center of the film)
has the same scaling behavior as the total mass, m(ζ =
1
2 ;xfc, B) = ĈB sign(B) |B|1/δ, with ĈB ' 1.19 and δ =
3.
This analysis reveals explicitly that, as expected, within
MFT the bulk transition in spatial dimension d exhibits
the same scaling behavior and the same critical expo-
nents as its counterpart in the film which, asymptoti-
cally, behaves as an effectively (d− 1)-dimensional sys-
tem. The inability to capture this actual dimensional
crossover is a well-known shortcoming of many analyti-
cal approaches, i.e., MFT and beyond [2, 4, 53, 54] (see,
however, Refs. [41, 55]), whereas simulations can deal
with this issue successfully.
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FIG. 8. (a) A section of the equation of state around the film
critical point in the phase diagram. The critical isotherm
corresponding to tf = 0 [see Eq. (46)] is shown by the dashed
black curve, while symbols represent numerical data. (b)
Test of the scaling hypothesis [Eq. (47)] for data contained
in panel (a). The points corresponding to the “supercritical”
regime (tf < 0) collapse onto the scaling function U−, while
data for the “subcritical” regime (tf > 0) collapse onto U+.
D. Magnetization profiles in the near-critical
region: insights from Widom scaling
Here we consider the case B = 0 and x . xc. Since at
criticality the profile vanishes, the ELE in Eq. (18) in
the vicinity of the film critical point, i.e.,
m′′(ζ)− xfcm(ζ)−m3(ζ) = 0, (48)
can be approximated by the linearized equation
m′′(ζ) + pi2m(ζ) = 0, (49)
because the cubic term is smaller that the linear terms.
Equation (49) with Dirichlet boundary conditions is
solved by
mlin(ζ) = A sin(piζ). (50)
However, the amplitude A cannot be fixed by Eq. (49),
because the cubic term has been neglected. Nonethe-
less, we can determine A by considering a suitable limit
of the exact solution. For x → −pi2 we can use the
reduced temperature tf → 0 from Eq. (41). We recall
that within this limit the elliptic modulus is k =
√
2
3 t
f
and that for vanishing k2 the Jacobi elliptic function
sn(w; k2 → 0)→ sin(w) reduces to a standard sine func-
tion. Therefore in the limit tf → 0+ Eq. (36) produces
exactly
m(ζ, x . xfc, B = 0) =
2pi
√
tf
3 sin(piζ). (51)
Spatial integration yields the mass M(x,B = 0) =
4
(
tf
3
)1/2
for x → xfc. The behavior of the scaled bulk
field B is less obvious. In the previous section we noted
a scaling behavior for the maximum value of the mag-
netization profiles, namely m(ζ = 1/2, B) ∼ B1/3. The
same behavior extends, with remarkably good agree-
ment with the numerical results of Fig. 3, also to
ζ 6= 1/2. We find that Eq. (51) follows an analogous
scaling, i.e.,
m(ζ, x = xfc, B ' 0) = ĈBB1/3 sin(piζ). (52)
Combinining Eq. (51) and Eq. (52), in the scaling region
around the film critical point we have
m(ζ, x . xfc, B ' 0) = (tf)βΦ
(
B
(tf)∆
)
sin(piζ), (53)
with a scaling function Φ. Since
∫ 1
0 dζ sin(piζ) =
2
pi , one
has
M(x ' xc, B ' 0) = (tf)βΨ
(
B
(tf)∆
)
, (54)
where Ψ(u) = (2/pi)Φ(u), so that Eq. (47) is recovered,
for which we identify Ψ(u) as U+(u). Thus, the scal-
ing functions computed for the mass equation of state
in Fig. 8 capture well the spatially integrated order pa-
rameter profiles in the near-critical region.
VI. CRITICAL CASIMIR FORCE
In this section we study the critical Casimir force (CCF)
in the grand canonical and the canonical ensemble, for
a film subject to Dirichlet boundary conditions. We
therefore briefly recall the general definitions and pro-
tocols for computing the CCF, as set out in Sec. III of
Ref. [15].
In general, the equilibrium CCF K provides the deriva-
tive of the residual free energy, or, in terms of the stress
tensor, quantifies the change of the free energy of the
film upon shifting the position of the boundaries. In
the first case, one has
K = −dFres
dL
, (55)
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where we have decomposed the free energy of the film
according to
Ff = L(−pb) + fs + Fres, (56)
in terms of the bulk pressure pb, the surface free en-
ergy fs, and the residual free energy Fres (all per trans-
verse area A and kBT ). Generally, the bulk term scales
∝ L and the surface term ∝ L0, while the residual
terms vanish exponentially for L → ∞ (see, e.g., Refs.
[15, 32]). We remark that for realistic fluid films, long-
ranged van der Waals forces provide algebraically de-
caying non-universal contributions to the residual free
energy [35, 37, 38, 56]. In the present study, we consider
only the universal critical Casimir contribution.
In the second case, the CCF is the difference between the film pressure pf = −dFf/dL and the pressure of the
surrounding bulk medium in which the film is immersed:
K = pf − pb. (57)
The bulk pressure is naturally defined as
pb = lim
L→∞
pf , (58)
where the limit is performed by keeping fixed the relevant thermodynamic control parameters (i.e., the chemical
potential µ for the grand canonical ensemble, and the mass density ϕ = Φ/L for the canonical ensemble) [57].
The CCF (per transverse area A and kBT ) in the grand canonical and the canonical ensemble takes the following
scaling form [2, 5, 15]:
K(gc)(t, µ, L) = L−dΞ(gc)
( L
ξ
(0)
+
)1/ν
t,
(
L
ξ
(0)
µ
)∆/ν
µ
 , (59a)
K(c)(t, ϕ, L) = L−dΞ(c)
( L
ξ
(0)
+
)1/ν
t,
(
L
ξ
(0)
+
)β/ν
ϕ
φ
(0)
t
 , (59b)
where Ξ(gc) and Ξ(c) are scaling functions, which will be determined below for t = (T − T bc )/T bc > 0 and within
MFT, whereby we take the values of the critical exponents pertaining to d ≥ 4 spatial dimensions. The scaling
relation in Eq. (59) expresses the two-scale factor universality [31, 32] valid for simple fluids below the upper critical
dimension d = 4. Within MFT, the scaling functions Ξ(c,gc) acquire an a priori undetermined prefactor ∆0 involving
the coupling constant g [Eq. (15)]. Accordingly, we shall present our results within MFT in terms of reduced scaling
functions Ξ(c,gc)/∆0.
Instead of using Eq. (58), the film pressure can equiva-
lently be obtained from the stress tensor Tij :
pf = Tzz[φeq] = − d
dL
Ff [φeq], (60)
where Tzz[φeq] is computed from the order parameter
profile minimizing Ff (Eqs. (9) and (10)). Note that
here we have assumed the boundaries of the film to be
normal to the z-direction. Analogously, the bulk pres-
sure can be obtained from the corresponding bulk or-
der parameter at equilibrium, pb = Tzz(φb). There-
fore Eq. (57) allows one to compute K without explic-
itly evaluating derivatives of free energy functionals. In
the grand canonical ensemble, the definitions of K in
Eqs. (55) and (57) yield equivalent results, whereas dif-
ferences may appear due to additional surface contribu-
tions in the canonical ensemble [15]. We recall that, in
thermal equilibrium, Tzz[φeq] is in general independent
of z.
A core result of Ref. [15] is that the stress tensor in
the canonical ensemble can be computed using a grand
canonical stress tensor in which the chemical potential
takes the value µ = µ˜(Φ), satisfying the mass constraint
in Eq. (1),
T
(c)
ij [φeq] = T
(gc)
ij ([φeq];µ = µ˜), (61)
in terms of the solution φeq of the ELE. By construc-
tion, this yields equal film pressures in the two ensem-
bles, p(c)f [φeq] = p
(gc)
f ([φeq]; µ˜). In the grand canonical
ensemble, the mean field stress tensor corresponding to
the free energy functional in Eq. (10) is [2]
T
(gc)
ij ([φeq];µ) = (∂iφeq)(∂jφeq)
− δij
[1
2
∑
k
(∂kφeq)(∂kφeq) +
1
2τφ
2
eq +
1
4!gφ
4
eq − µφeq
]
,
(62)
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giving rise to the film pressure
p
(c,gc)
f = T
(c,gc)
zz =
1
2(∂zφeq)
2 − 12τφ
2
eq −
1
4!gφ
4
eq + µ˜φeq
= ∆0
L4
[
1
2 (∂ζmeq)
2 − 12xm
2
eq −
1
4m
4
eq + B˜meq
]
,
(63)
where the dimensionless variables from Eq. (13) have
been re-introduced; ∆0 is given by Eq. (15). In turn,
the bulk pressure in the grand canonical ensemble,
p
(gc)
b (µ
(gc)
b ) =
1
2τφ
2
b +
1
8gφ
4
b , (64)
is obtained by solving the bulk equation of state (i.e.,
the ELE without gradient terms),
τφb +
1
6gφ
3
b = µ
(gc)
b = µ , (65)
in order to find the spatially constant solution φb, and to
insert it into Eq. (61). By virtue of the grand canonical
coupling between film and bulk, the chemical potential
µ here is the same as for the film.
In contrast, in the canonical ensemble, the film and the
bulk system are constrained to have the same mass den-
sity ϕ, which gives rise to the following canonical bulk
pressure:
p
(c)
b (φb) =
1
2τφ
2
b +
1
8gφ
4
b , with
{
φb = ±φb,eq, τ < 0 and − φb,eq ≤ ϕ ≤ φb,eq,
φb = ϕ, otherwise,
(66)
where φb,eq denotes the OP minimizing the LG functional in Eq. (9). The chemical potential corresponding to the
bulk system of mass density ϕ is
µ
(c)
b =
{
0, τ < 0 and − φb,eq ≤ ϕ ≤ φb,eq,
τϕ+ 16gϕ3, otherwise.
(67)
In what follows, we shall focus on the region τ > 0,
i.e., we avoid bulk phase separation, so that the bulk
pressure can be directly obtained as p(c)b (φb) = 12τϕ2 +
1
8gϕ
4.
As stated, the film pressures are equal in the grand
canonical and the canonical ensembles. However, due to
the different thermodynamic coupling of film and bulk
outlined above, the CCF K can differ in the respective
ensembles. Indeed, this has been reported in Ref. [15]
for the case of critical adsorption whereas here we inves-
tigate the CCFs for films with Dirichlet boundary con-
ditions. We proceed by using the linear MFT results
from Sec. III in order to compute the CCF using the
stress tensor in Sec. VIA. These perturbative expres-
sions are compared with exact numerical MFT results
for the canonical and grand canonical scaling functions
of the CCF. In Sec. VIC the CCF is computed directly
by differentiating the free energy functionals, which are
expressed in terms of the perturbatively computed OP
profiles.
A. CCF within linear MFT deduced from the
stress tensor
We employ the stress tensor in Eq. (63) in order to com-
pute the film pressure from the order parameter pro-
files determined in Sec. III. In the grand canonical case,
Tzz is determined in terms of the unconstrained OP in
the presence of the external field, i.e., for fixed µ. The
canonical pressure can be obtained analogously by us-
ing the constrained profile φ¯, where now µ˜(ϕ = Φ/L) is
the constraint-induced chemical potential guaranteeing
a certain mass density ϕ. Rewriting Eq. (63) as
p
(c,gc)
f =
∆0
L4
T (68)
and inserting the expansion of m in terms of powers of
 as defined in Eqs. (18) and (20), we find the lowest
orders of T = T0 + T1 + . . .:
T0 = 12(∂ζm˜0)
2 − m˜
2
0x
2 + B˜0m˜0,
T1 = (∂ζm˜0)(∂ζm˜1)− m˜0m˜1x− m˜30m˜1 + B˜0m˜1 + B˜1m˜0.
(69)
At lowest order we have implicitly neglected the φ4 term
in the free energy [and thus also the quartic term in
Eq. (63)], which explains the absence of this term in the
expression for T0.
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1. Grand canonical CCF
Using B instead of B0 and inserting the linear MFT
solution from Eq. (23) into Eqs. (68) and (69), we find
T (gc)0 =
B2 tanh2
(√
x
2
)
2x . (70)
Upon rescaling to dimensional variables via Eq. (13), we
identify the corresponding film pressure
(p(gc)f )0 =
µ2
2τ tanh
2
(
L
√
τ
2
)
. (71)
The corresponding bulk limit, taken with µ fixed, is
(p(gc)b )0 =
µ2
2τ . (72)
The CCF can now be computed by using Eq. (57):
K(gc)0 = −
µ2
τ [1 + cosh (L
√
τ)] . (73)
From Eq. (25), the chemical potential corresponding to
the mass constraint follows as
µ˜ = τϕ
1− 2
L
√
τ
tanh
(
L
√
τ
2
) , (74)
which, together with Eq. (73), gives
K(gc)0 = −
τϕ2
(1 + cosh (L
√
τ))
(
1− 2 tanh(L
√
τ/2)
L
√
τ
)2 .
(75)
According to Eq. (59a) (with d = 4), the reduced scaling
function of the CCF results as
Ξ(gc)
∆0
= − M
2x2
(1 + cosh (
√
x))
(√
x− 2 tanh
(√
x
2
))2 .
(76)
Note that this scaling function diverges at bulk critical-
ity:
Ξ(gc)(x→ 0)
∆0
' −72M
2
x
. (77)
This divergence is entirely due to the bulk pressure in
Eq. (72) and can be considered as an artifact of linear
MFT. (An analogous divergence occurs in the case of
critical adsorption, see Ref. [15].) Far above Tc, the
scaling function vanishes as
Ξ(gc)(x 0)
∆0
' 2M2e−
√
xx, (78)
which is intuitively expected, because the CCF is ex-
pected to vanish in the limit of thick films, i.e., x =
(L/ξ)1/ν →∞.
2. Canonical CCF
In this case, the constrained linear mean-field profile
from Eq. 26 yields
T (c)0 =
M2x2 tanh2
(√
x
2
)
2
(√
x− 2 tanh
(√
x
2
))2 , (79)
which renders the corresponding film pressure (ex-
pressed in terms of dimensional variables, see Eq. (13))
(p(c)f )0 =
τϕ2
2
tanh2
(
L
√
τ
2
)
(
1− 2 tanh(L
√
τ/2)
L
√
τ
)2 . (80)
The same expression results upon inserting Eq. (74) into
Eq. (71). In the canonical ensemble, the bulk limit of
Eq. (80) is obtained by keeping a fixed mass density ϕ
[see Eq. (58)],
(p(c)b )0 =
τϕ2
2 . (81)
Subtracting Eq. (81) from Eq. (80) leads to the CCF in
the canonical ensemble:
K(c)0 =
τϕ2
2
 tanh
2
(
L
√
τ
2
)
(
1− 2 tanh(L
√
τ/2)
L
√
τ
)2 − 1
 , (82)
which can be brought into the scaling form given in
Eq. (59b) with the reduced scaling function
Ξ(c)
∆0
= M
2x
2
[ tanh2 (√x2 )(
1− 2√
x
tanh
(√
x
2
))2 − 1
]
. (83)
A comparison with the grand canonical CCF from
Eq. (76) reveals that
Ξ(c)
∆0
= Ξ
(gc)
∆0
+ M
2x
2
[ tanh2 (√x2 )(
1− 2√
x
tanh
(√
x
2
))2 − 1
]
= − M
2x2
(1 + cosh (
√
x))
(√
x− 2 tanh
(√
x
2
))2
+ M
2x
2
[ tanh2 (√x2 )(
1− 2√
x
tanh
(√
x
2
))2 − 1
]
. (84)
Different from the grand canonical scaling function
[Eq. (76)], the canonical one attains a finite value at
bulk criticality:
Ξ(c)(x→ 0)
∆0
' 18M2. (85)
14
(a)
(b)
FIG. 9. The reduced scaling functions Ξ(gc)/∆0 (a) and
Ξ(c)/∆0 (b) for the CCF in the grand canonical and canon-
ical ensembles, respectively. Solid lines indicate the results
obtained numerically within nonlinear MFT, while dashed
lines show the analytical results of linear MFT as given in
Eqs. (76) and (83). In both cases, the CCF is computed
according to Eqs. (57) and (60) based on the stress tensor.
For illustrative purposes, we have chosen two representative
temperatures: x = 1 (lower, red curves) and x = 20 (upper,
blue curves).
However, for thick films (x = (L/ξ)1/ν →∞) the canon-
ical scaling function diverges as
Ξ(c)(x 1)
∆0
' 2M2√x. (86)
This divergence is essentially a consequence of the OP
constraint, as can be seen by inserting the constraint-
induced chemical potential µ˜ [Eq. (74)] into Eq. (71)
in order to yield the canonical film pressure in Eq. (80).
We demonstrate below [see, c.f., Eq. (92)] that the diver-
gence stems from a surface contribution to the canonical
film pressure.
FIG. 10. The reduced scaling functions Ξ(gc)/∆0 (a) and
Ξ(c)/∆0 (b) for the CCF in the grand canonical and canon-
ical ensemble, respectively, obtained numerically from non-
linear MFT as function of the scaled bulk field B and the
scaled temperature x. The cross (×) indicates the film criti-
cal point (x = xfc = −pi2, Eq. (34)), and the dot (•) the bulk
critical point (x = 0). In (b), the cross and the dot are in
white for better visibility. Note the different color codes.
B. Discussion of the CCF obtained within linear
MFT and comparison with full, numerical results
The scaling functions Ξ(c,gc) of the CCF, as obtained
from the stress tensor approach [Eqs. (57) and (60)]
within nonlinear MFT, are illustrated in Fig. 9 (solid
lines) as functions of the massM for two values of the
scaled reduced temperature x > 0. The scaling func-
tions are displayed in reduced form, i.e., divided by the
mean-field amplitude ∆0 [Eq. (15)], which is undeter-
mined within MFT. Analytical results, obtained within
linear MFT and given in Eqs. (76) and (83), are shown
for comparison by the dashed lines. In Fig. 10, the nu-
merically determined scaling functions, obtained within
15
FIG. 11. The reduced scaling functions Ξ(gc)/∆0 (a) and
Ξ(c)/∆0 (b) for the CCF in the grand canonical and canon-
ical ensemble, respectively, obtained numerically from the
nonlinear MFT as function of the scaled massM and scaled
temperature x. The cross (×) indicates the film critical point
(x = xfc = −pi2, Eq. (34)), and the dot (•) the bulk critical
point (x = 0).
nonlinear MFT, are shown as functions of the scaled
bulk field B and of x around the film and the bulk crit-
ical point (indicated by the cross and the dot, respec-
tively).
As illustrated in Fig. 9, linear MFT generally provides
an accurate approximation to full MFT forM . 1 and
x & 1. Notably, within linear MFT and for all values
of the reduced temperature x > 0 and the massM, the
grand canonical CCF reported in Eq. (76) is attractive,
i.e., Ξ(gc) < 0, whereas the canonical CCF in Eq. (83)
is repulsive, i.e., Ξ(c) > 0 [58].
This character persists also within nonlinear MFT, as
can be inferred from Fig. 10, where the behavior of the
CCF scaling functions (determined via the stress tensor
approach) as function of the scaled bulk field B and the
scaled temperature x is displayed. Figure 11 presents
the same data as function of the scaled massM instead
of B. In the grand canonical ensemble, generally the
CCF is significant only around the film critical point
(indicated by a cross in the plots). The canonical CCF,
in contrast, shows the opposite behavior, growing with
increasing distance from the critical region.
Notably, the difference in sign between the canonical
and grand canonical CCF also occurs in the case of crit-
ical adsorption with symmetric surface fields (i.e., for
(++) boundary conditions) [15]. Furthermore, the be-
havior shown in Fig. 9(a) is consistent with MC results
for Ising films in the grand canonical ensemble with a
varying bulk field [30].
As stated above, the divergence of Ξ(gc) at the critical
point is an artifact of linear MFT. Therefore the interval
aroundM, in which the scaling function of linear MFT
provides an accurate approximation of the one of nonlin-
ear MFT, becomes progressively narrower upon decreas-
ing x. Furthermore, the exact Ξ(gc) is not quadratic in
M, but follows a rather nontrivial form as shown in
Fig. 9(a) as well as in Figs. 10 and 11. In contrast,
as demonstrated in Fig. 9(b), for sufficiently small |M|,
Ξ(c) obtained from nonlinear MFT is approximated well
by linear MFT, even for x→ 0.
C. CCF deduced from the free energy
Here we determine the CCF explicitly from the residual
finite-size free energy according to Eq. (55) and compare
the result to the one obtained from a pressure difference
[Eq. (57)].
1. Grand canonical CCF
Recalling the lowest order MFT solution in Eq. (24), we
write the grand canonical free energy functional of the
film given in Eq. (10) as
F (gc)f =
∫ L
0
dz
[1
2(∂zφ0)
2 + 12τφ
2
0 − µφ0
]
= −µ
2L
2τ︸ ︷︷ ︸
bulk
+ µ
2
τ3/2︸︷︷︸
surf.
+ µ
2
τ3/2
[
tanh
(
L
√
τ
2
)
− 1]︸ ︷︷ ︸
residual
.
(87)
In the last line we have identified the various contribu-
tions according to their scaling with the film thickness L,
keeping the bare parameters τ and µ fixed [see Eq. (56)].
Following Eq. (60), the grand canonical film pressure is
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computed by differentiating the film free energy w.r.t.
L while keeping the relevant control parameter, in this
case µ = µ˜ [see Eq. (74)], fixed:
p
(gc)
f (µ˜) = −∂LF (gc)f |µ˜
= τϕ
2
2
tanh2
(
L
√
τ
2
)
(
1− 2 tanh(L
√
τ/2)
L
√
τ
)2 . (88)
As expected, Eq. (88) is identical to Eq. (80), which was
obtained from the stress tensor. On the other hand, the
CCF computed via Eq. (55),
−∂LF (gc)res |µ = −∂L
(
µ2
τ3/2
tanh
(
L
√
τ
2
))
= − µ
2
τ [1 + cosh (L
√
τ)] = K
(gc)
0 , (89)
is identical to the expression in Eq. (73). Thus in the
grand canonical ensemble, the CCF can be determined
equivalently either via the stress tensor or via the resid-
ual free energy.
2. Canonical CCF
Inserting the constrained profile (Eq. (28)) into Eq. (9)
yields the canonical free energy
F (c)f =
∫ L
0
dz
[1
2(∂zφ˜0)
2 + 12τ φ˜
2
0]
= Lτϕ
2
2
[ 1
1− 2
L
√
τ
tanh
(
L
√
τ
2
)]
= Lτϕ2/2︸ ︷︷ ︸
bulk
+
√
τϕ2︸ ︷︷ ︸
surf.
+
√
τϕ2
[ 1
coth
(
L
√
τ
2
)
− 2
L
√
τ
− 1]
︸ ︷︷ ︸
residual
.
(90)
In the last equation, the various contributions have
again been identified according to their scaling behavior
as function of L, keeping the parameters τ and ϕ fixed,
as it is appropriate for a finite-size scaling analysis in the
canonical ensemble [see the discussion after Eq. (58)]. In
order to obtain the film pressure via Eq. (60), the total
mass Φ, which is the actual control parameter in the
canonical ensemble, is kept fixed, yielding
p
(c)
f = −∂LF (c)f |Φ
= τϕ
2
2
tanh2
(
L
√
τ
2
)
(
1− 2 tanh(L
√
τ/2)
L
√
τ
)2 . (91)
Since Eq. (91) and Eq. (80) are equal, herewith the
equivalence of computing the film pressure via Eq. (60)
or Eq. (63) is also established for the canonical ensem-
ble. (Of course equality with the grand canonical film
pressure holds, too.)
However, we note that the derivative (at fixed Φ) of the
residual part of the free energy in Eq. (90) is not equal to
the canonical CCF in Eq. (82) computed via the stress
tensor:
−∂LF (c)res |Φ =
[
K(c)0 from Eq. (82)
]
− 2ϕ
2√τ
L
= τϕ
2
2
 tanh
2
(
L
√
τ
2
)
(
1− 2 tanh
(
L
√
τ
2
)
L
√
τ
)2 − 1
− 2ϕ2
√
τ
L
= K˜(c)0 = L−dΞ˜(c)0 (92)
with the reduced scaling function
Ξ˜(c)0
∆0
= M
2x
2
[ tanh2 (√x2 )(
1− 2√
x
tanh
(√
x
2
))2 − 1
]
− 2M2√x. (93)
The canonical CCF K¯(c)0 is still repulsive, but instead of
exhibiting the divergence ∝ √x in Eq. (86), it attains
the finite limit
Ξ˜(c)0 (x 1)
∆0
' 6M2. (94)
The term − 2
√
τϕ2
L in Eq. (92) would be absent if instead
we would compute −∂L
(
F (c)res + F (c)surf
) ∣∣
Φ, where F
(c)
surf
denotes the surface contribution identified in Eq. (90).
This indicates that the decomposition of F (c)f according
to the standard finite-size scaling arguments in Eq. (90)
yields a surface contribution which is not independent
of L, and thus contributes to the CCF in the canonical
ensemble. This is a genuine consequence of the OP con-
straint Φ = const. A similar observation has been made
for the case of critical adsorption [15].
VII. MC SIMULATIONS OF THE ISING
MODEL
In this section we determine the CCF via MC simula-
tions of the Ising model in a thin film with Dirichlet
boundary conditions in d = 3 spatial dimensions. We
consider a simple cubic lattice of size Lx×Ly×Lz with
unit lattice spacing so that Lx, Ly, and Lz are dimen-
sionless. We apply periodic boundary conditions along
the x and y direction and Dirichlet boundary conditions
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in the z direction. This means, that spins in the bot-
tom layer have no bottom neighbor and spins in the
top layer have no top neighbor. At each lattice site
i = (1 ≤ xi ≤ Lx, 1 ≤ yi ≤ Ly, 1 ≤ zi ≤ Lz) a spin
si = ±1 is located.
A. General simulation method
In the grand canonical ensemble and in the presence of a
uniform bulk field µ, the Hamiltonian of the Ising model
for a particular spin configuration ω is given by
H(gc)(ω) = −J
∑
〈ij〉
sisj − µ
∑
〈k〉
sk. (95)
The sum 〈ij〉 is taken over nearest neighbors on the
lattice and the sum 〈k〉 runs over all spin sites. The
energy and the bulk field µ are measured in units of the
spin-spin interaction constant J so that they become
dimensionless and J = 1. The grand canonical free
energy of the system is
βF (gc)(β, µ) = − ln
∑
{ω}
exp
(
−βH(gc)(ω)
) , (96)
where the sum is taken over all spin configurations {ω};
β = 1kBT denotes the inverse thermal energy whichin units of J is the dimensionless inverse temperature
β = 1/T . The bulk critical point of the 3d Ising model
occurs at the inverse temperature βc ' 0.22165455(3)
[59]. We recall that, for a vanishing magnetic field
µ = 0, the correlation length is [see Eq. (5)] ξt(t) =
ξ
(0)
± t
−ν whereas at the critical temperature the corre-
lation length is ξµ(µ) = ξ(0)µ |µ|−ν/∆ with the value of
the universal correlation length critical exponent ν =
0.63002(10) [60], the universal bulk magnetic field expo-
nent ∆ = 1.5637(14) [33], and with non-universal criti-
cal amplitudes ξ(0)µ = 0.278(2) [61], ξ(0)− = 0.243(1), and
ξ
(0)
+ = 0.501(2) [62].
The numerical simulation of the Ising model in the
grand canonical ensemble has been performed by us-
ing a hybrid MC algorithm [63]: each MC step consists
of a flip of a Wolf cluster followed by Lx × Ly × Lz at-
tempts to flip a randomly selected spin in accordance
with the Metropolis rate. We perform simulations for
a set of 32 points 0.17 ≤ βj ≤ 0.28 with a system of
size 60 × 60 × 10, corresponding to an aspect ratio of
Lz/Lx(y) ≈ 0.167. For each value of the inverse temper-
ature βj we have performed 32 simulations, using for
each of them a different value µi of the bulk magnetic
field with 0 ≤ µi ≤ 0.15. Subsequently, a histogram of
the bulk magnetization Φ˜ =
∑
〈k〉
sk has been computed
for each pair of parameters (βj , µi). The thermal aver-
age Φ = 〈Φ˜〉 has been taken over 106 MC steps, which
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FIG. 12. MC simulation data (a) The magnetiza-
tion ϕ per spin as a function of the bulk field µ
for several values of the inverse temperature: β =
0.17, 0.18, 0.19048, 0.20003, 0.21185, 0.22322, 0.25657. (b)
These bulk magnetic fields µϕ as function of the inverse tem-
perature β which render the values ϕ = 0.1, 0.2, 0.3, 0.4 of
the mean magnetization in the grand canonical ensemble.
The four values of ϕ considered in (b) are indicated in (a)
by horizontal dotted lines. The value µϕ = 0 corresponds to
ϕ = 0.
are split into 10 series in order to assess the numerical
error. We have used the histogram reweighting tech-
nique [63] in order to compute the mean magnetization
per spin ϕ = Φ/(LxLyLz) [see Eq. (3)] as a continuous
function of the bulk magnetic field µ. In Fig. 12(a), the
magnetization ϕ per spin is shown as function of µ for
several values of the inverse temperature β. This infor-
mation has been used to compute that value µϕ of the
bulk magnetic field which renders the given mean mag-
netization ϕ per spin for a fixed value of β. In Fig. 12
(b) we plot µϕ as a function of β for several values of
the magnetization ϕ per spin. These values of ϕ are also
indicated in Fig. 12(a) by the horizontal dotted lines.
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B. CCF in the grand canonical ensemble
1. Computation
The CCF K(gc)(β, Lx, Ly, L) in the grand canonical en-
semble can be computed on a lattice with cross-section
Lx × Ly in terms of the finite difference of the free en-
ergies for two distinct slab thicknesses. Here, the actual
thickness L considered in the calculation of the CCF is
given by L ≡ Lz − 12 , because it is expressed via the
difference of slabs of thickness Lz and Lz − 1:
K(gc)(β, µ, L) ≡− β∆F
(gc)(β, µ, Lx, Ly, L)
LxLy
+ βf (gc)b (β, µ), (97)
where the free energy difference is
∆F (gc)(β, µ, Lx,Ly, L) = F (gc)(β, µ, Lx, Ly, L+ 12)
−F (gc)(β, µ, Lx, Ly, L− 12) . (98)
In the grand canonical ensemble with µ 6= 0, we have
computed the free energy difference ∆F via the so-called
coupling parameter approach. The bulk free energy den-
sity f (gc)b has been computed for the same system but
of size 60× 60× 120, using the so-called energy integra-
tion technique. First, we have computed the bulk free
energy at zero bulk field, upon integrating the energy
over the inverse temperature. In the next step, for a
given value of the inverse temperature, we have inte-
grated the magnetization of the system over the bulk
field, obtaining the bulk free energy for a given pair of
variables (βj , µi) (see Ref. [61] for further details). In d
spatial dimensions the CCF can be expressed in terms
of the corresponding scaling function Ξ(gc) as
K(gc)(β, µ, L) = L−deff Ξ(gc) (Leff/ξt, Leff/ξµ) . (99)
We have taken into account finite-size corrections via an
effective slab thickness Leff ≡ L+ δL, with a correction
δL = 1.22(2) for Dirichlet boundary conditions [30].
2. Discussion
Fig. 13 shows the scaling function of the grand canon-
ical CCF obtained from our MC simulations as func-
tion of the temperature scaling variable t(L/ξ(0)+ )1/ν = x
[Eq. (2b)] and of the bulk magnetic field µ. The behav-
ior of Ξ(gc) obtained within MFT [see Fig. 10(a)] qual-
itatively agrees with our MC simulations. Consistently
with previous studies [30], we find that the grand canon-
ical CCF is attractive and reaches its greatest strength
at vanishing bulk field µ = 0 and at a slightly negative
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FIG. 13. MC results for the CCF scaling function Ξ(gc) for
the grand canonical ensemble as function of the temperature
scaling variable t(L/ξ(0)+ )1/ν and the bulk magnetic field µ.
The cross (×) indicates the film critical point of the Ising
model [43].
reduced temperature t < 0. However, a more quantita-
tive comparison is precluded due to appearance of the
undetermined amplitude ∆0 [Eq. (15)] arising within
MFT. This deficiency can be overcome by including fluc-
tuation effects within a renormalization group approach
[44].
In Fig. 14(a) we illustrate the relationship between µ
and the scaling variable t(L/ξ+0 )1/ν for various values of
the mean magnetization ϕ. Figure 14(b) shows the CCF
scaling function Ξ(gc) along lines of fixed magnetization
ϕ as a function of t(L/ξ+0 ). The CCF for ϕ = 0 — the
data of which have been presented previously in Ref. [43]
— is weak and attractive and an accurate, correspond-
ing field theoretic description has been provided in Ref.
[44]. Th representation of the CCF in Figure 14(b) al-
lows one to directly compare the grand canonical results
with those in the canonical ensemble, to which we turn
next.
C. CCF in the canonical ensemble
1. Computation
The Hamiltonian of the Ising model for the canonical
ensemble is given by
H(c)(ω) = −J
∑
〈ij〉
sisj (100)
and does not include the bulk magnetic field. The
canonical free energy is obtained from the partition
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FIG. 14. MC results in the grand canonical ensemble. (a)
Value µϕ of the bulk magnetic field, at which the mean mag-
netization takes the values ϕ = 0.1, 0.2, 0.3, 0.4, as a function
of the temperature scaling variable t(L/ξ(0)+ )1/ν . In the con-
sidered temperature region, ϕ = 0 corresponds to µϕ = 0.
(b) The scaling function Ξ(gc) of the grand canonical CCF as
a function of the temperature scaling variable t(L/ξ(0)+ )1/ν ,
computed along the lines (t(L/ξ(0)+ )1/ν , µϕ) in (a) for the
mean magnetizations ϕ = 0, 0.1, 0.2, 0.3, 0.4.
function as
βF (c)(β,m) = − ln
[∑
{ω}
δ(Nm,
∑
〈k〉
sk(ω))
× exp
(
−βH(c)(ω)
)]
, (101)
where the Kronecker delta function selects only terms
corresponding to spin configurations ω with fixed, pre-
scribed magnetization Φ = ϕN =
∑
〈k〉
sk(ω). Here,
N = Lx × Ly × Lz denotes the total number of spins
in the system. A configuration of N spins with a mag-
netization ϕ per spin contains N+ = 1+ϕ2 N up spins
and N− = 1−ϕ2 N down spins. At infinite temperature
β = 0, the free energy of the canonical ensemble can be
expressed as
βF (c)(β, ϕ,N)∣∣
β=0 = − ln
(
N !
N+!N−!
)
. (102)
Using Stirling’s formula n! ' √2pinn+ 12 exp(−n), one
obtains for the bulk free energy per spin βf (c)b =
1
N βF (c)b (β,m,N) in the limit of high temperatures (β =
0) and large system sizes N
βf
(c)
b (β, ϕ)|β=0 =
1 + ϕ
2 ln
(
1 + ϕ
2
)
+ 1− ϕ2 ln
(
1− ϕ
2
)
+ 12N ln
(pi
2 (1 + ϕ)(1− ϕ)
)
. (103)
We note that in principle the canonical free energy
density in Eq. (103) differs from the grand canonical
free energy density, which at infinite temperature is
βf
(gc)
b (β)|β=0 = − ln(2). Only for zero magnetization
ϕ = 0 these two quantities coincide, i.e., βf (c)b (β, ϕ =
0)|β=0 = − ln(2).
For the canonical ensemble we have computed the free
energy for a system with cross-section Lx×Ly and thick-
ness Lz (N = Lx×Ly×Lz) via integration of the mean
energy E per spin over the inverse temperature β:
βF (c)(β, ϕ, Lz) = − ln
(
N !
N+!N−!
)
+
β∫
0
E(c)(β′, ϕ, Lz)dβ′.
(104)
The internal energy E(c) of the canonical system with a
fixed magnetization ϕ per spin has been computed based
on Kawasaki dynamics [64]. Typically we have used 5×
107 MC steps for thermalization (one MC step consists
of N attempts of pair Kawasaki exchanges), followed
by 108 MC steps for computing the thermal average.
Using Eq. (104) we have determined the free energy dif-
ference ∆F (c)(β, ϕ, Lx, Ly, L) = F (c)(β, ϕ, Lx, Ly, L +
1
2 )−F (c)(β, ϕ, Lx, Ly, L− 12 ). Without knowledge of the
bulk free energy density f (c)b we can apply the method
introduced in Ref. [65], which provides the following dif-
ference:
gC(β, ϕ, L) = β
[
∆F (c)(β, ϕ, Lx, Ly, L)
−∆F (c)(β, ϕ, Lx, Ly, 2L)
]
. (105)
Considering therein the second term as an estimate of
a difference of the bulk free energy, we approximate
the canonical CCF as K(c)(β, ϕ, L) ≈ gC(β, ϕ, L). Ac-
cordingly, the associated scaling function follows, anal-
ogously to Eq. (99), as
Ξ(c) (Leff/ξt, ϕ) ' LdeffgC(β, ϕ, L). (106)
In order to numerically determine Ξ(c) via Eq. (106),
we have performed MC simulations for a system of size
Lx = Ly = 60, Lz = 10, and we have assumed an effec-
tive thickness Leff = L+ 1.22 as in the grand canonical
case.
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FIG. 15. MC results in the canonical ensemble. (a) Aux-
iliary function gC [Eq. (105)] as a function of the inverse
temperature β for ϕ = 0.1, 0.2, 0.4. (b) Scaling function
Ξ(c) of the canonical CCF [Eq. (106)] as function of the
scaled temperature t(L/ξ(0)+ )1/ν for three mean magnetiza-
tions ϕ = 0, 0.1, 0.2, 0.4.
2. Discussion
In Fig. 15(a) the auxiliary function gC [Eq.(105)] is
plotted as a function of β for ϕ = 0, 0.1, 0.2, 0.4. Fig-
ure 15(b) shows the scaling function Ξ(c) of the canon-
ical CCF obtained via Eq. (106) as a function of the
scaled temperature t(L/ξ(0)+ )1/ν for various mean mag-
netizations ϕ > 0. In contrast to the grand canonical
ensemble [see Fig. 14(b)], the canonical CCF obtained
from MC simulations is repulsive (i.e., Ξ(c) > 0) for
ϕ & 0.1 and for supercritical temperatures x > 0. The
repulsive character and the fact, that the strength of the
canonical CCF increases with growing |ϕ|, are captured
correctly by MFT [see Fig. 11(b)]. Note, however, that,
within MFT, the canonical CCF is repulsive across the
whole parameter range considered here, except at ϕ = 0,
where Ξ(c) = 0. The discrepancy between MC results
and MFT concerning the sign of the CCF for t > 0 and
as ϕ → 0 is due to the effect of critical fluctuations,
which render a weak but attractive canonical CCF, in
agreement with the predictions in Ref. [16], [66]. A de-
tailed analysis of the CCF for subcritical bulk tempera-
tures (t < 0), for which, in contrast to the predictions of
MFT, a pronounced minimum appears, is left for future
studies.
VIII. SUMMARY
We have studied ensemble differences of the OP pro-
file and of the CCF, arising in a critical fluid film of
thickness L within the so-called ordinary surface uni-
versality class at both walls. In the grand canonical
ensemble, the film can exchange material with its en-
vironment at a common chemical potential µ. In the
canonical ensemble, instead, particle exchange is pro-
hibited and the film and the environment are taken to
have the same mean OP density ϕ. The system is ana-
lyzed within mean field theory, i.e., neglecting thermal
fluctuations. In this limit, the CCF stems solely from
the action of an external bulk field (such as the chem-
ical potential µ) or, correspondingly, from a nonzero
total mass Φ =
∫ L
0 dz φ(z) = Lϕ. We generally assume
translational invariance in the lateral directions of the
film and, accordingly, we consider all extensive quanti-
ties as defined per transverse area A [compare Eq. (1)].
Our findings can be summarized as follows:
1. We have solved the Euler-Lagrange equations for
the OP profile in the film via three complementary
approaches: (i) a perturbative solution in terms
of orders of the nonlinear term in the supercritical
regime (T ≥ T bc ), (ii) an exact solution below the
film critical point, i.e., for T ≤ T fc < T bc and at
vanishing external bulk field (µ = 0), and (iii)
a numerical solution for arbitrary values of the
temperature and of the bulk field. For small values
of the scaled mass |M| or, respectively, the scaled
bulk field |B|, the perturbative solution generally
provides an accurate approximation of the exact
mean field solution [see Figs. 2, 3, and 4].
2. The scaling behavior of the scaled massM(x,B)
as function of the scaled temperature x and the
scaled bulk field B has been analyzed based on the
full MFT in various asymptotic limits [see Figs. 5,
6, and 7). In the case of a vanishing bulk field
(B = 0), the exact expression forM(x) has been
determined in Eq. (40). For general B, we have
explicitly demonstrated that Widom’s scaling hy-
pothesis applies for the system studied here [see
Fig. 8].
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3. We have analyzed the CCF within linear and non-
linear MFT in the canonical and the grand canon-
ical ensembles. For M = 0 and x > 0, both
the canonical and the grand canonical CCF vanish
within MFT. For M 6= 0 and within the studied
parameter region around the film and bulk critical
points [see Figs. 9, 10, and 11], the grand canon-
ical CCF is attractive (consistent with Ref. [30]),
while the canonical CCF is repulsive.
4. The canonical CCF depends on whether it is de-
fined as the difference between the film and the
bulk pressure [Eq. (57)] or as a derivative of the
residual finite-size free energy [Eq. (55)]. The dif-
ference between the two approaches stems from
a surface-like pressure contribution [see Eq. (92)],
which is a direct consequence of the global OP
constraint in the canonical ensemble.
5. The grand canonical CCF generally vanishes in
the limit x → ∞, as expected. In contrast, the
canonical CCF defined as a pressure difference
[Eq. (57)] diverges ∝ x in this limit [see Eq. (86)],
while the canonical CCF extracted from the resid-
ual finite-size free energy [Eq. (55)] approaches a
nonzero constant [see Eq. (94)]. These unexpected
limiting behaviors are again induced by the OP
constraint acting in the canonical ensemble.
6. We have studied the influence of fluctuations onto
the CCF via MC simulations of the d = 3 dimen-
sional Ising model. The predictions of MFT are
qualitatively recovered by the simulations for suf-
ficiently large values of the magnetization ϕ, while
fluctuations dominate for |ϕ|  1. In agreement
with MFT, we find that the grand canonical CCF
is attractive within the studied parameter ranges
of x and ϕ [see Figs. 13 and 14(b)]. At supercriti-
cal temperatures (t > 0), the canonical CCF is re-
pulsive for large mean magnetizations |ϕ|  1 and
(weakly) attractive for small mean magnetizations
[see Fig. 15(b)]. Below the bulk critical point, a
pronounced minimum of the canonical CCF is ob-
served. Note that a quantitative comparison be-
tween MFT and MC simulations is precluded by
the undetermined amplitude ∆0 [Eq. (15)] appear-
ing in the mean-field scaling functions.
We remark that certain characteristic features of the
canonical CCF found here, such as its repulsive char-
acter, its dependence on the precise definition [i.e.,
Eq. (55) vs. Eq. (57)], and its nontrivial decay behav-
ior for thick films (x  1), appear analogously also in
the case of critical films confined by walls with parallel
surface fields [15].
Critical fluids typically show strong adsorption at the
container walls [7–9]. In order to experimentally study
the results obtained here, it would thus be necessary
to suitably modify the walls in order to obtain effec-
tive Dirichlet boundary conditions for the OP. As has
been shown previously, this can be achieved by endow-
ing the surfaces with narrow chemical stripes of antago-
nistic character [10–14]. Together with Refs. [15, 16],
the present study provides further evidence that the
CCF crucially depends on the thermodynamic ensemble
under consideration and, in particular, on the presence
of OP constraints.
Appendix A: Solution of Eq. (18) at O(2)
In terms of the formal expansion of the OP m and of the bulk field B (see Eq. (20)), at O(2) the ELE [Eq. (18)]
reads
m′′2 = xm2 + 3m20m1 −B2. (A1)
While the full solution of Eq. (A1) is omitted here, we report the expression for the constraint-induced field B2 = B˜2:
B˜2 =
M5x3/2
15360
(√
x cosh
(√
x
2
)
− 2 sinh
(√
x
2
))7
×
[
− 2025√x(8x+ 121) sinh
(√
x
2
)
− 216√x(75x+ 1256) sinh
(
3
√
x
2
)
− 24√x(135x+ 2518) sinh
(
5
√
x
2
)
− 681√x sinh
(
7
√
x
2
)
+ 50(4410x− 3659) cosh
(√
x
2
)
+ 648(160x+ 171) cosh
(
3
√
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2
)
+ 40(432x+ 1685) cosh
(
5
√
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)
+ 4742 cosh
(
7
√
x
2
)]
, (A2)
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which has the following asymptotic scaling behavior:
B˜2 →
{
− 8343175175M5, x→ 0,
∼ − 22780 M5x−3/2 → 0, x→∞.
(A3)
The constrained profile scales as
m˜2(ζ)→
{
p(14)(ζ − 1/2), x→ 0,
0, x→∞, (A4)
where p(14) represents the 14th-order polynomial
p(14)(y) = − 81M
5
1435033600
[
40550400y14 − 106229760y12 + 134278144y10
− 91703040y8 + 35939904y6 − 8408400y4 + 959492y2 − 25365
]
. (A5)
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